1.
Introduction. This lecture should really be given by Hanna Neumann, because her book with the same title is going to be published very shortly by Springer-Verlag, in the series "Ergebnisse der Mathematik" ; and she gave an expository address with the same title at the Group Theory Conference at Canberra in August, 1965 , and this also will be published very soon by Gordon and Breach in the Proceedings of that conference. All I can do is to follow the advice of that well-known junior mathematician Tom Lehrer and plagiarize.
2. Varieties. "Varieties" are equationally defined classes of algebras: starting from a "species" of algebras, that is the class of algebras with given numbers of algebraic operations of given kinds, unary, binary, and so on, we single out subclasses by imposing certain "laws" or "identical relations". Thus, for example, a single binary operation defines the species of "groupoids"; if the associative law is imposed on the operation, we obtain the variety of "semigroups". The study of varieties was initiated by Garrett Birkhoff in 1935; the name "variety" was introduced by Philip Hall in 1949. Much of the theory belongs to Universal Algebra, but I shall be mainly concerned with varieties of groups, because that is where the deepest theorems have been proved and the most difficult and intriguing problems remain open. To mention some examples of varieties of groups and to fix some notation :
£) is the variety of all groups; © is the variety of trivial ( = one-element) groups ; 21 is the variety of abelian groups, singled out by the commutative law xy = yx ; 33* is the "Burnside" variety of groups of exponent e t singled out by the law x e =» 1 ; 2le = 33<?n3I is the variety of abelian groups of exponent e. This last example incidentally illustrates the fact that an intersection of varieties is again a variety; not only an intersection of two varieties but of arbitrarily many. It follows that the varieties in a species, or the subvarieties of a variety-in our case the subvarieties of £), that is, the varieties of groups-form a complete lattice under the "contained in" order relation. What can be said about this lattice? It is modular but not distributive. How big is it? Here we come at once to the first major unsolved problem. PROBLEM 
How many varieties of groups are there?
All we know is that the cardinal number of the set of group varieties lies between fc$ 0 and 2*V The same question can be asked for other algebraic systems; for each of the sets of varieties of groupoids, of quasi-groups, and of loops the answer is 2^o [5] .
Next we may ask about chain conditions in the lattice of group varieties. One easily shows that the ascending chain condition is not satisfied, for example, by considering 9Ï2 C SU C Sis C • • • C «. PROBLEM 
Does the lattice of varieties of groups satisfy the descending chain condition!
The two problems are not unrelated: if the answer to the second were to be "yes", then the answer to the first would have to be " ^0" -but I guess that in both cases the answer goes the other way. We shall meet Problem 2 later in a different form.
A classical theorem of Garrett Birkhoff gives an alternative characterization of varieties of groups (and not only of groups, but of algebraic systems in general) : a class of groups is a variety if and only if it is closed under the operation of forming epimorphs of subgroups of cartesian products; or, by a remark of Kogalovskiï, if and only if it is closed under the operation of forming epimorphs of subcartesian products. In this context the following question, which I owe to Evelyn Nelson, is of interest: 2 PROBLEM 3. Let Hi be a class of groups, and g) the class of subgroups of epimorphs of cartesian products of subgroups of members of 36. Is g) necessarily a variety?
So far all we have dealt with is not peculiar to groups, but belongs properly to universal algebra. The universal algebra aspects of the theory have been described in an address given by Alfred Tarski 
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to be published in the Proceedings of that conference, available to me, and has thereby drawn my attention to some recent, mostly unpublished work.
We turn now to a more properly group-theoretical notion : if 36 and §) are classes of groups, we introduce the product 36 §} as the class of groups that are extensions of groups in ï by groups in §5, that is groups G with a normal subgroup iVG3£ such that G/iVGg). This multiplication of classes of groups is neither commutative nor associative, not even power-associative: if 36 is the class of cyclic groups, then $(36$) is properly contained in (36X)36. For varieties of groups, however, this multiplication has two important features: the products of two varieties is again a variety, and multiplication is associative (Hanna Neumann, 1956 ). Thus the set of varieties has not only the structure of a complete lattice, but also that of a semigroup. Moreover, multiplication respects the lattice order. The semigroup has a zero, namely the variety 2) of all groups, and a unit element, namely the variety S of trivial groups, and apart from these two extreme elements it turns out to be a free semigroup, freely generated by the so-called indecomposable varieties (B. H. Neumann, Hanna Neumann, and Peter M. Neumann, 1962 ; A. L. Smel'kin, 1962): thus every variety other than 3D, ( § has a unique factorization, unique even with respect to the order in which the factors occur, into indecomposable varieties. Many varieties are known to be indecomposable (Peter M. Neumann, 1963) , but the question just how many indecomposable varieties of groups there are is equivalent to Problem 1.
3. Laws. We turn to the laws that determine a variety. They are of the form
where u, v are words; or, as we are dealing with groups, we can put v~~lu = w and write our laws in the form
If a variety is determined by finitely many laws, then a single law will do: we just multiply all the left-hand sides together, after changing the numbering of the variables so that different laws involve different variables. Are all varieties of groups definable by a single law? This is equivalent to the following open question. PROBLEM 
2'. Is there a variety of groups that can not be defined by a finite set of law si
This is, in fact, no new problem, but only a different formulation of our Problem 2. For if a variety 33 requires an infinite set of laws, say Again this question can be asked for other algebraic systems than groups. R. C. Lyndon [ô] has made an example of a finite algebraic system, of order 7, whose laws do not follow from any finite set among them. The same can be done with a groupoid of order 3, according to V. L. Murskiï [7] , and even with a semigroup of order 6, according to Peter Perkins [8] . Recently A. K. Austin [3] has exhibited a variety of semigroups that requires infinitely many laws to define it; see also A. P. Biryukov [4] . 8 Problem 2' is known as the "finite basis" problem, which is a misnomer: a "basis" in common mathematical parlance is a generating set with appropriate independence or irredundancy properties. Thus the finite basis problem would properly be the following. PROBLEM 
Is there an infinite irredundant set of group laws, that is an infinite set of laws such that the variety it defines is distinct from each of the varieties obtained by omitting one of the laws?
If this is answered in the affirmative, it immediately also gives the answer "2**°" to Problem 1 and thus answers Problem 2 negatively and Problem 2' positively. This is, in fact, the way in which the corresponding problems for groupoids and loops were solved (vide supra).
Dr. L. G. Kovâcs informs me that he can prove that if there is a locally finite variety that does not satisfy the descending chain condition for subvarieties, then it has 2**° subvarieties-and he has some more general results.
Though these problems are still the most baffling and important problems for groups in general, interesting progress has been made in a number of special cases. In 1952 R. C. Lyndon showed that the laws of every nilpotent variety are finitely based (a variety is nilpotent if it consists of nilpotent groups; and so with other properties). In the same year Graham Higman showed that certain natural ways of making new laws from other laws will only lead to finitely based varieties. Instead of trying to make the Burnside problem more manageable, one can also try to make it harder. To do this, we need some more definitions and notation.
4. Verbal subgroups. We now look not just at sets of laws that define a variety, but at all the laws that hold in the variety. Thus we take a countably infinite alphabet xi, #2, #3» • ' • and ask for all the words v in these variables that are laws in the variety S3 ; we think of the words as elements of the free group X*> generated by Moreover, local finiteness is only one of the properties that can be considered in this way-there are many others, but there is no need to state the corresponding problems explicitly.
We have already begun to vary the number d of variables or generators. If we let d range over all positive integers, we get to each variety S3 two sequences that converge to it : «a) £ 35(2) c 33 (3) (this is due to Hanna Neumann, 1956 ). Examples are known where the sequence on the left ascends properly at every step; and M. F. Newman has found an example of a variety where the sequence on the left ascends properly for a few steps, then remains stationary for one step, and then ascends properly again for the remaining infinitely many steps. It is not known whether the sequence on the right can go on descending properly-of course not: if an example were known, it would at once provide a negative answer to Problem 2. But the converse implication is not true, or at any rate not evident, and we accordingly have to ask: PROBLEM 
Is there to each variety 33 an integer d~d(%$) such that « = »«>?
Differently put: do all the laws of a variety follow from those in a certain finite number of variables, the number, of course, depending on the variety? As we have already remarked, a positive answer to Problem 2 would entail a positive answer to Problem 10; and clearly a positive answer to Problem 10 would entail a positive answer to Problem 8 ; but not conversely.
The verbal subgroups V of X w are, inter alia, characteristic subgroups of Xoo, and as an aside I should like to draw attention to another tantalizing problem:
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[September PROBLEM 11. Is every characteristic subgroup of the free group X* of (countably) infinite rank fully invariant, hence verbal in X^?
5. Free groups. Let us now turn to the factor groups of the verbal subgroup. If 93 is a variety and V the corresponding verbal subgroup of Xn, consisting of the words that are identically 1 in the groups in 93, we put
and call these the 93-free groups of rank fc$ 0 or d, respectively-the corresponding groups for uncountably infinite rank are similarly defined, but need not concern us. They are characterized by having a set of generators called a "free basis", namely the images under the canonic epimorphism of \Xi, x%, #3, • • • } or \xi, #2, • • •,#<*}, respectively, with the property that every mapping of the set into a group A of the variety can be extended to a homomorphism of the free group into A.
are also called "absolutely free", other 93-free groups are called "reduced free" or "relatively free". Except in the trivial case of (S-free groups, the rank is uniquely determined by the SB-free group, namely as the minimal cardinal number of a generating set. A free basis always has this minimal cardinality; and in all known cases a converse is also true when the rank is finite. Thus for example every generating set of Let me remind you that a group A is called a Hopf group if it is not isomorphic to any proper factor group of itself, or, equivalently, if every ependomorphism of A is an automorphism. The original question of Heinz Hopf whether finitely generated groups are Hopf groups was first answered positively for absolutely free groups, and then for reduced free groups of some other varieties. As finitely generated nonHopf groups are known to exist, it makes sense to ask if there are reduced free groups among them:
PROBLEM 12'. Is every reduced free group of finite rank a Hopf group} This problem is, however, equivalent to its predecessor, in fact is only a reformulation of it.
In this context I should like to mention an intriguing conjecture of Peter M. Neumann Of the numerous important properties of absolutely free groups I will mention only two: every subgroup of an absolutely free group is absolutely free-this is known as the Schreier property; and every absolutely free group of rank greater than 1 contains free groups of arbitrary finite rank and of rank t$ 0 . It is easy to see that the free groups not only of £) but also of 2t and of % p with prime exponent p have the Schreier property; and it has been proved by Peter M. Neumann and James Wiegold, and by an improved argument by Peter M. Neumann and M. F. Newman, that these are indeed all the varieties whose free groups have the Schreier property.
On the other hand, no variety 33 other than © and @ is known in which ^+1(33) can be embedded in ^d (33) 7. Quasi-varieties. I really still owe you an explanation of the statement I made at the beginning, namely that the class £) of all groups is a variety. Groups used to be defined in terms of a binary multiplication, and the axioms consisted partly of laws, such as the associative law, partly of certain existence or unicity postulates. However, if groups are instead defined in terms of a binary multiplication and a unary inversion, one can make the axioms equational. Indeed it can be done by means of a single law.
A number of authors have defined groups, or abelian groups, not by a single law, but by a single identical implication: 
